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• Overview of Muon Collider design
• Concept of Ionization cooling
• Basic of transverse beam dynamics

Discussion item
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Overview of Muon Collider

3/7/253

Proton beam based muon collider

ℒ =
𝑁𝜇+ ∙ 𝑁𝜇− ∙ 𝑓 ∙ 𝑛𝑏

4𝜋 ∙ 𝜎𝑥 ∙ 𝜎𝑦
> 1034 

• Goal collider luminosity

cm-2 s-1

: Num of  per bunch ( ) 
 Bunch revolution ( ) 
 Repetition rate (  Hz) 

: Beam spot size at collision (  cm)

𝑁 𝜇 ~1012

𝑓 : ~1000
𝑛𝑏: ~5
𝜎 ~10−4

Ex) , VBF at 14 TeV𝜇𝜇 → 𝑊 𝑊 → 𝐻𝐻𝐻
 femto barns =  barns = 

 cm-2

𝜎 = 7.1 ∙ 10−3 7.1 ∙ 10−18

7.1 ∙ 10−42

6 months full time beam operation 
  s𝑡𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛~1.56 ∙ 107

event𝑓𝜇𝜇→𝐻𝐻𝐻~7.1 ∙ 10−42 × 1.56 ∙ 107 × 1034~0.1 
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Overview of Muon Collider
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Proton beam based muon collider

• Required muons after cooling,  mrad 
• Required proton beam:  protons/spill 
• Required :  
• Acceptable  loss in cooling (and acceleration): 

𝑁~1012,  𝜀𝑡,𝑛~20
~1015

𝜇 /𝑝𝑟𝑜𝑡𝑜𝑛 ~0.1 𝜇 /𝑝
𝜇 0.01 

• Other potential approaches of muon source without cooling 
• Muon pair production via   (LEMMA) 
• Ultracold muons through ionizing muonium and muonic atoms 

• Beam spot size extremely small, e.g.  cm  
•  yield will be small, e.g. 

𝑒+𝑒− → 𝜇+𝜇−

𝜎~10−5 − 10−6

𝜇± 𝑁~1011 − 1010
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Overview of Muon Collider
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• Intense proton beam strikes pion production target
𝑝 + 𝐴 → 𝜋± + 𝐴′￼

𝜋+ → 𝜇+ + 𝜈𝜇
𝜋− → 𝜇− + 𝜈̄𝜇

• Pions are eventually decayed

• Pion lifetime
ns𝜏 = 26𝛾   m ( )→ 𝜏 ∙ 𝑐 = 7.8 𝛾 = 1

• Muons are eventually decayed as well

 
𝜇+ → 𝑒+ + 𝜈𝑒 + 𝜈̄𝜇
𝜇− → 𝑒− + 𝜈̄𝑒 +𝜈𝜇

• Muon lifetime
s𝜏 = 2.2𝛾 μ  m ( )→ 𝜏 ∙ 𝑐 = 659.5 𝛾 = 1
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• Initial muon phase space is too large to achieve the goal 
luminosity
– Phase space cooling is required

• Initial muon phase space is similar as basketball 
• Required muon phase space after cooling is sub-millimeter

• Muons have a finite lifetime
– Need fast cooling scheme

• Ionization cooling 

Challenge in producing low emittance muon beam

3/7/256
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• Heat flows from warm object to cold object

Beam cooling
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𝑇𝑏 > 𝑇𝑎𝑏𝑠

Heat flows when

Equilibrium condition
𝑇𝑏 ~ 𝑇𝑎𝑏𝑠

𝑇𝑏 𝑇𝑎𝑏𝑠
Heat flows

𝑑𝑄
𝑑𝑡

= 𝑄̇ = h ∙ 𝐴 ∙ (𝑇𝑏 − 𝑇𝑎𝑏𝑠) Since  is constant, if  is large, 
should be proportionally large

h ∙ 𝐴 ∆ T
𝑄̇ 

Heat transfer rate

If  is near zero (temperature 
reaches equilibrium), is small

∆ T
𝑄̇ 

→
𝑑𝑄
𝑑𝑠

= 𝑄
′￼
= h ∙ 𝐴 ∙ (𝑇𝑏 − 𝑇𝑎𝑏𝑠)

 is a path length𝑠



HFOFO (Transverse Beam Dynamics), Yonehara

• Beam temperature flows into absorber temperature

Beam cooling
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∆ 𝑝2
⊥

2𝑚
=

𝑘𝑇𝑏

2

Beam Absorber 

𝑘𝑇𝑎𝑏𝑠

2

𝑇𝑏 > 𝑇𝑎𝑏𝑠

Heat flows whenq (momentum)-transfer  
via coulomb interaction

Equilibrium condition
𝑇𝑏 ~ 𝑇𝑎𝑏𝑠

How to effectively generate high transverse momentum in a beam?

• Transverse momentum is maximized at beam waist 
• Stronger focusing generates higher transverse momentum 

(though it is not always true if beam has a large dispersion)
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• Beam temperature flows into absorber temperature

Beam cooling
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∆ 𝑝2
⊥

2𝑚
=

𝑘𝑇𝑏

2

Beam Absorber 

𝑘𝑇𝑎𝑏𝑠

2

𝑇𝑏 > 𝑇𝑎𝑏𝑠

Heat flows whenq (momentum)-transfer  
via coulomb interaction

Equilibrium condition
𝑇𝑏 ~ 𝑇𝑎𝑏𝑠

a: maximum beta function 
c: minimum beta function 

Put absorber at 
point “c”

Transverse phase space is rotated 
along beam path
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• Beam temperature flows into absorber temperature

Beam cooling
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∆ 𝑝2
⊥

2𝑚
=

𝑘𝑇𝑏

2

Beam Absorber 

𝑘𝑇𝑎𝑏𝑠

2

𝑇𝑏 > 𝑇𝑎𝑏𝑠

Heat flows whenq (momentum)-transfer  
via coulomb interaction

Equilibrium condition
𝑇𝑏 ~ 𝑇𝑎𝑏𝑠

𝑇𝑏1

𝑇𝑏2

𝑇𝑏3

𝑇𝑏4

𝑇𝑏5

𝑇𝑏1 > 𝑇𝑏2 > 𝑇𝑏3…

𝑇𝑎𝑏𝑠 𝑇𝑎𝑏𝑠

Constant 
kinetic energy 

Focusing 
magnet

Focusing 
magnet

RF RF

Constant 
kinetic energy 

𝑇𝑏

𝑉

Ionization  
cooling

Focusing Defocusing
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Energy transfer process (intuitive approach)
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𝑣1 𝑣3

𝑣4

From energy conservation:
1
2

𝑚𝑏𝑣2
1 =

1
2

𝑚𝑏𝑣2
3 +

1
2

𝑚𝑡𝑣2
4 → 𝐸1 − 𝐸3 = ∆ 𝐸 = 𝐸4

𝑣2 = 0

This is a transferred energy

(Inelastic collision: )𝐸1 − 𝐸3 = ∆ 𝐸 = 𝐸4 + 𝑄
The phase space is cooled by:  ∆ 𝐸/𝐸
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Energy transfer in ionization cooling  
(intuitive approach)
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𝜇

𝑒−

𝑒−

𝑒−

𝑒−

𝑒−

Beam direction

∆ 𝐸1 = 𝐼 + 𝛿𝐸

∆ 𝐸2 ∆ 𝐸3
∆ 𝐸4

∆ 𝐸5

Total energy loss per unit length:  
𝑑𝐸
𝑑𝑥

~𝐾
𝑍
𝐴

1
𝛽2 [ 1

2
𝑙𝑛

2𝑚𝑒𝑐2𝛽2𝛾2𝑊𝑚𝑎𝑥

𝐼2
− 𝛽2]~𝑛𝑐 ∙ ∆̄ 𝐸~𝑛𝑐 ∙ 𝑊

Bethe equation
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Pure cooling rate
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• As an example, in liquid H2 (LH2),  keV/cm at  MeV/c

• It is known from measurements,  eV, thus 

 /cm

• Cooling rate is given, 

–  (we will derive this later) 

– In the case of LH2, 
•  /cm

• , if  meter,  (our goal 

is !)
– In reality, there is a heating term due to multiple scattering which will 

be discussed later

𝑑𝐸
𝑑𝑥

~320 𝑝𝜇~200

𝑊𝐿𝐻2~20

𝑛𝑐 =
320 ∙ 103

20
= 16,000

𝜆−1
6𝐷 =

( 𝑑𝐸
𝑑𝑥 )

𝛽2 ∙ 𝐸

𝜆−1
6𝐷~320 ∙ 103/177 ∙ 106~1.8 ∙ 10−3

𝜀6𝐷, 𝑖𝑛𝑖𝑡𝑖𝑎𝑙

𝜀6𝐷,𝑓𝑖𝑛𝑎𝑙
= 𝑒𝑥𝑝(−𝐿 ∙ 𝜆−1

6𝐷) 𝐿 = 100
𝜀6𝐷, 𝑖𝑛𝑖𝑡𝑖𝑎𝑙

𝜀6𝐷,𝑓𝑖𝑛𝑎𝑙
= 1.5 ∙ 10−8

10−6

 cm-2𝜎𝐻→𝐻+~𝑛𝑐 ∙ (𝑁𝑎 ∙
𝜌
𝐴 )

−1

~10−19 
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• Beam dynamics is analogous to the dynamics of a simple 
harmonic motion
– Solving harmonic oscillator via canonical transformation

Transverse beam dynamics
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Or  

𝐻 = 𝐸 = 𝑝2

2𝑚 + 1
2 𝑘𝑞2

𝑝̇ = − 𝑑𝐻
𝑑𝑞 = − 𝑘𝑞

→
𝑞 = 2𝐸

𝑚𝜔2 cos(𝜔𝑡 + 𝜑0)
𝑝 = 2𝑚𝐸sin(𝜔𝑡 + 𝜑0)

ℋ(𝑃, 𝑄) = 𝐸 = 𝜔 ∙ 𝑃,  𝑄̇ = 𝜔 =
𝑘
𝑚

𝑞 = 2𝐸
𝑚𝜔2 cos(𝜔𝑡 + 𝜙0)

𝑝 = 2𝑚𝐸sin(𝜔𝑡 + 𝜙0)
→

𝑞 = 2𝑃
𝑚𝑄̇

cos(𝜔𝑡 + 𝜙0)

𝑝 = 2𝑚𝑄̇𝑃sin(𝜔𝑡 + 𝜙0)
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• Harmonic motion  Hill’s equation (translate the 
differentiation from  to )𝑡 𝑠

Transverse beam dynamics
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𝑝̇ = −
𝑑𝐻
𝑑𝑞

= − 𝑘𝑞 → 𝑥′￼′￼+ 𝐾𝑥 = 0

Let us use following general solution for 𝑥

𝑥 = 2𝛽̂𝑥(𝑠)𝐽𝑥cos[𝜇̂𝑥(𝑠) + 𝜙𝑥]
Comparing 𝑞 =

2𝑃
𝑚𝑄̇

cos(𝜔𝑡 + 𝜙0)

𝑃 →
𝐽𝑥

𝑚
, 𝑄̇ →

1

𝛽̂𝑥

= 𝜇̂′￼
𝑥 ← (𝜇̂𝑥 → 𝜔𝑡), 𝜙

𝑥
→ 𝜙0,

Non-linear & coupling beam 
dynamics can be investigated 
through non-linear harmonic 
oscillators, which most likely 
uses a perturbation theory
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• Let us confirm
– Differentiate  and 𝑥 𝑥′￼′￼

Transverse beam dynamics

3/7/2516

𝑥′￼=
𝑑𝑥
𝑑𝑠

=
𝐽𝑥

2𝛽̂𝑥(𝑠)
𝛽̂𝑥′￼(𝑠)cos[𝜇̂𝑥(𝑠) + 𝜙𝑥]+ 2𝛽̂𝑥(𝑠)𝐽𝑥sin[𝜇̂𝑥(𝑠) + 𝜙𝑥] ∙ 𝜇̂𝑥′￼(𝑠),

𝑥′￼′￼=
𝑑2𝑥
𝑑𝑠2

= 2𝛽̂𝑥(𝑠)𝐽𝑥 𝜇̂𝑥′￼′￼(𝑠) +
𝛽̂𝑥′￼(𝑠)

𝛽̂𝑥(𝑠)
𝜇̂𝑥′￼(𝑠) sin[𝜇̂𝑥(𝑠) + 𝜙𝑥]

+ 2𝛽̂𝑥(𝑠)𝐽𝑥 −
1
4

(𝛽̂𝑥′￼(𝑠))
2

𝛽̂
2

𝑥

+
1
2

𝛽̂𝑥′￼′￼(𝑠)

𝛽̂𝑥(𝑠)
− (𝜇̂𝑥′￼)

2
cos[𝜇̂𝑥(𝑠) + 𝜙𝑥] .
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• Substitute into Hill’s equation
– Since right-handed-side of Hill’s equation is zero, the coefficient 

of trigonal functions should be zero

Transverse beam dynamics
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𝜇𝑥′￼′￼+
𝛽̂𝑥′￼

𝛽̂𝑥

𝜇̂𝑥′￼= 0 → (𝛽̂𝑥 ∙ 𝜇̂𝑥′￼)′￼= 0 → 𝜇̂𝑥′￼=
1

𝛽̂𝑥(𝑠)
,

−
1
4

(𝛽̂𝑥′￼)
2

𝛽̂
2

𝑥

+
1
2

𝛽̂𝑥′￼′￼

𝛽̂𝑥

− (𝜇̂𝑥′￼)
2

+ 𝐾𝑥 = 0 → 2𝛽̂𝑥𝛽̂𝑥′￼′￼− (𝛽̂𝑥′￼)
2

+ 4𝐾𝑥𝛽̂
2

𝑥 = 4.

This is what we look into!

The second equation is often called envelop equation
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• Proposing further transformations

• Surprisingly (or expectedly),  and  becomes much simple

• Envelop equation is also simplified 

𝑥 𝑥′￼

Transverse beam dynamics

3/7/2518

𝛼̂𝑥 = −
1
2

𝛽̂𝑥

′￼
,  𝛾̂𝑥 =

1 + 𝛼̂𝑥
2

𝛽̂𝑥

→ 𝛽̂𝑥𝛾̂𝑥 − 𝛼̂𝑥
2 = 1,

𝑥 = 2𝛽̂𝑥𝐽𝑥cos𝜓𝑥,

𝑥′￼=
𝛽̂𝑥′￼

2𝛽𝑥
∙ 2𝛽̂𝑥𝐽𝑥cos𝜓𝑥 −

2𝛽̂𝑥𝐽𝑥

𝛽̂𝑥

sin𝜓𝑥 = −
2𝐽𝑥

𝛽̂𝑥
(sin𝜓𝑥 + 𝛼̂𝑥cos𝜓𝑥)

= −
𝑥

𝛽̂𝑥

tan𝜓𝑥 −
𝛽̂𝑥

′￼

2
.

2𝛽̂𝑥𝛽̂𝑥′￼′￼− (𝛽̂𝑥′￼)
2

+ 4𝐾𝑥𝛽̂
2

𝑥 = 4 → 𝛼̂𝑥

′￼
= 𝐾𝑥𝛽̂𝑥 −

1
𝛽𝑥

[1 + 𝛼̂𝑥
2] = 𝐾𝑥𝛽̂𝑥 − 𝛾̂𝑥
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• We introduce a (new) canonical momentum

• Then, 

Transverse beam dynamics

3/7/2519

𝑝𝑥 ≡ 𝛽̂𝑥𝑥′￼+ 𝛼̂𝑥𝑥 = − 2𝛽̂𝑥𝐽𝑥sin𝜓𝑥 .

𝑥 = 2𝛽̂𝑥𝐽𝑥cos𝜓𝑥,

1

𝛽̂𝑥

(𝑥2 + 𝑝2
𝑥) =

1

𝛽̂𝑥
{(1 + 𝛼̂𝑥

2)𝑥2 + 2𝛼̂𝑥𝛽̂𝑥𝑥𝑥′￼+ 𝛽̂𝑥

2
(𝑥′￼)2} = 𝛾̂𝑥𝑥2 + 2𝛼̂𝑥𝑥𝑥′￼+ 𝛽̂𝑥(𝑥′￼)2 = 2𝐽𝑥 ≡ 𝜀𝑥 .

 is called the Courant-Snyder invariant, or emittance𝜀𝑥

𝛾̂𝑥 =
1

𝛽̂𝑥
[1 + 𝛼̂𝑥

2]
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Courant-Snyder invariant (phase ellipse)

3/7/2520

 and form a circle with radius 𝑥 𝑝𝑥  𝛽̂𝑥 ∙ 𝜀𝑥
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• We have a solution for particle motion using analogous to the 
simple harmonic motion

• Smaller  makes amplitude of  larger while amplitude of  
smaller

• How do we find ?
– Can we solve  from envelop equation?

𝛽𝑥 𝑥′￼ 𝑥

𝛽
𝛽

Summary
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𝑥 = 2𝛽̂𝑥𝐽𝑥cos𝜓𝑥,

𝑥′￼= −
2𝐽𝑥

𝛽̂𝑥
(sin𝜓𝑥 + 𝛼̂𝑥cos𝜓𝑥)

1

𝛽̂𝑥

= 𝜓𝑥′￼

2𝛽̂𝑥𝛽̂𝑥′￼′￼− (𝛽̂𝑥′￼)
2

+ 4𝐾𝑥𝛽̂
2

𝑥 = 4 → 𝛼̂𝑥

′￼
= 𝐾𝑥𝛽̂𝑥 −

1

𝛽̂𝑥
[1 + 𝛼̂𝑥

2] = 𝐾𝑥𝛽̂𝑥 − 𝛾̂𝑥
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• Assume the density function is given, 

• The rms beam emittance is then,

𝜌(𝑥, 𝑥′￼)

Find , , (Twiss parameter) from phase space 
evolution

𝛽̂ 𝛼̂ 𝛾̂

3/7/2522

⟨𝑥⟩ = ∫ 𝑥 ∙ 𝜌(𝑥, 𝑥′￼)𝑑𝑥𝑑𝑥′￼,  ⟨𝑥′￼⟩ = ∫ 𝑥′￼∙ 𝜌(𝑥, 𝑥′￼)𝑑𝑥𝑑𝑥′￼,  

𝜎2
𝑥 = ∫ (𝑥 − ⟨𝑥⟩)2 ∙ 𝜌(𝑥, 𝑥′￼)𝑑𝑥𝑑𝑥′￼,

𝜎2
𝑥′￼= ∫ (𝑥′￼− ⟨𝑥′￼⟩)2 ∙ 𝜌(𝑥, 𝑥′￼)𝑑𝑥𝑑𝑥′￼,

𝜎𝑥𝑥′￼= ∫ (𝑥 − ⟨𝑥⟩)(𝑥′￼− ⟨𝑥′￼⟩) ∙ 𝜌(𝑥, 𝑥′￼)𝑑𝑥𝑑𝑥′￼.

𝜀𝑥,𝑟𝑚𝑠 = 𝐷𝑒𝑡[𝜎2] = 𝜎2
𝑥 ∙ 𝜎2

𝑥′￼− 𝜎2
𝑥𝑥′￼.
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• If the beam distribution function is a function of the Courant-
Snyder invariant, the -matrix is given𝜎

3/7/2523

( 𝜎2
𝑥 𝜎𝑥𝑥′￼

𝜎𝑥𝑥′￼ 𝜎2
𝑥′￼) = 𝜀𝑟𝑚𝑠( 𝛽̂ −𝛼̂

−𝛼̂ 𝛾̂ ) .

𝜀𝑥,𝑟𝑚𝑠 = 𝐷𝑒𝑡[𝜎2] = 𝜎2
𝑥 ∙ 𝜎2

𝑥′￼− 𝜎2
𝑥𝑥′￼.

=𝛽̂𝑥
𝜎2

𝑥

𝜀𝑟𝑚𝑠
=𝛼̂𝑥 −

𝜎2
𝑥𝑥′￼

𝜀𝑟𝑚𝑠
=𝛾̂𝑥

𝜎2
𝑥′￼

𝜀𝑟𝑚𝑠

Find , , (Twiss parameter) from phase space 
evolution

𝛽̂ 𝛼̂ 𝛾̂

Note:  is a symplectic matrix, ie  

where using 

~𝐾 = ( 𝛽̂ −𝛼̂
−𝛼̂ 𝛾̂ ) ~𝐾𝑇 Ω~𝐾 = Ω

𝛽̂ 𝛾̂ = 𝛼̂2 + 1
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Extra slides
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Overview of Muon Collider
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Proton beam based muon collider

•  capture magnets𝜋±/𝜇±

Solenoid base 
• Massive & expensive 
• Most efficient 
Horn base 
• Cheap 
• Charge dependence
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Overview of Muon Collider
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Proton beam based muon collider

• Buncher and Phase rotator

Concept

Simulation Stratakis et al. 

Neuffer
Captured muons Decay channel

Buncher

Phase rotation

https://arxiv.org/pdf/1703.05806
https://arxiv.org/pdf/1703.05806
https://indico.cern.ch/event/1175126/contributions/5024010/attachments/2527036/4346794/Protonmuonbuncher.pdf
https://indico.cern.ch/event/1175126/contributions/5024010/attachments/2527036/4346794/Protonmuonbuncher.pdf
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Ionization interactions 
vs frictional interactions
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Nuclei

Electron cloud

High energy 
incident particle

Low energy 
incident particle

Screened Coulomb 
potential

Low energy (< 100 eV) incident particle 
feels a screened Coulomb potential 

 𝑆𝑒(𝐸 )𝐿𝑖𝑛𝑑h𝑎𝑟𝑑−𝑆𝑐h𝑎𝑟𝑓𝑓 = 𝑘𝐸1/2

High energy (> MeV) incident particle 
interact individual atom (electrons) 
𝑆𝑒(𝐸 )𝐵𝑒𝑡h𝑒 = 𝐾𝐸−1𝑙𝑛(𝛾𝑒𝐸 /𝐼̄)
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Wide range of energy loss value in PDG
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−𝐾𝐸−1𝑙𝑛(𝛾𝑒𝐸 /𝐼̄)

𝑘𝐸1/2

frictional ionization

Muon momentum range is typically 100 ~ 300 MeV/c for ionization 
cooling (HF solenoid final channel uses p ~ 50 MeV/c)


